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Summary cf the table

e Resistors:

— Resistors have a resistive nature that is characterized as “resistance’ and
that has the units of ohms.

— The resistive nature (i.€., the resistance) of a resistor is not frequency
dependent. That is, it doesn’t matter at what frequency the AC power
supply is acting, the resistive nature of the resistor will always be the same.

— Because the resistive nature of the resistor is not frequency dependent, it
doesn’t act as a frequency filter in any frequency range.
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Intro to Inductors

Inductors:

— Inductors do have a “resistor-like” resistance to them that is due to the
resistance inherent within the wire making up the inductor’ s coil. That
resistance is characterized as 1,. In addition, they also have a frequency-
dependent resistive nature.

— The inductor’ s frequency-dependent resistive nature is called the inductive
reactance. As do all resistive natures, it has the units of ohms.

— To see why an inductor has this frequency-dependent resistive nature,
consider the RL circuit to the right. L,
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V, sin(27vt)



The Conceptional rationale for inductive reactance: L, 1

1.) Restatement of already established fact:

a.) the voltage across a power supply will
equal the sum of the voltage drops across the R
various elements in the circuit.

b.) the elements in this circuit are an inductor
and a resistor;

S
c.) the current in a circuit with a resistor will be Vy sin(27vt)
proportional to the voltage across the resistor.

2.) At low frequency, the change of current with time will be relatively
small so the induced EMF (voltage) will be small, which means the
voltage across the resistor will be big. Sooo00, at low frequency, there will
be a big current and the inductor is NOT providing much resistance to
charge flow (i.e., its inductive reactance will be small).

3.) It’s exactly opposite at high frequency with the inductive reactance being
large, so inductors are low pass filters.




Quantitatively, what is the inductor’s resistive nature?

L,
a.) Writing out Kirchoft’s loop equation for 00000,
this circuit, we get: ~
di
—i(R+rL)—Ld—i+VO sin(27vt) = 0 R

b.) The solution of this differential equation

will be of the form: @

: voltage term
1= — V, sin(27vt)
net resistive nature

c.) If we did the math, part of that denominator would be a frequency-

dependent quantity
2nvL (ohms)

d.) This is the inductive reactance X , the frequency-dependent resistive
nature of an inductor.




Lastly, the phase shift:

4.) For an inductor, the induced emf across it
. d-
is found by ¢ = —L d—i , 50 the current

function should be the first derivative of the
voltage function.

Knowing that...

The voltage across the power supply and the
current through a circuit (which is
proportional to the voltage across the resistor)
will not be in phase with each other!




What'’s the deal with the phase shift?

1.) So if we take the derivative of the ~ VO|l89¢ current

current function, we get the voltage ™\ ‘
function: | : \

function LEADS the current function,
and for a circuit with minimal resistor-
like resistance in it, that lead will be

2.) What this shows is that the voltage | /

T .
— radians
2

3.) Conceptually, this also makes sense: the inductor will fight current
when its voltage changes the most (which is at the maximum), but allow
current when its voltage change is minimal, so current will flow after
peak voltage has been reached.




RL circuit:
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Intro to Cajoacitors

* Capacitors:

— Capacitors do NOT have a “resistor-like” resistive nature to them. They
do have a resistive nature, though, that is depends upon the frequency
being impressed upon them by the AC source.

— This resistive nature, called the capacitive reactance, has the units of ohms
(it DOES 1dentify resistance to current flow) and, as has been said above,
is frequency dependent.

— To see why a capacitor has this a frequency-dependent resistive nature,
consider the RC circuit to the right. C

~\
o/

V, sin(27vt)



Conceptually:

The charge q on a capacitor plate 1s
proportional to the voltage V across the plates
(q = CV), so for low frequency when there’s
charge on the plates for long periods of time, ~
the voltage across the cap 1s large and the

voltage across the resistor will be small . . .
which means low or no current in the circuit.

V, sin(27vt)

At high frequency when the average charge on the plates over time will be
small if not zero, the voltage across the cap will be small, the voltage across
the circuit’s resistor will be large and so will be the current.

Consequence: Capacitors pass high frequency signal and wipe out low
frequency signals (hence the moniker “high pass filter.”



The conceptually rationale for capacitive reactance:

1.) From the definition of capacitance, | |
q=CV. Asi=dqg/dt, we can write:

R
dg _,_1dV
dt C dt
A\J
2.) So the current in the circuit is proportional
V, sin(27vt)

to the rate at which the voltage changes.

3.) At low frequency, the voltage in the circuit changes very slowly, so the
current will be low suggesting that the resistive nature (the capacitive
reactance) must be large. The opposite happens at high frequency.

4.) Because caps wipe out low frequency and pass high frequency,
capacitors are called high pass filters.



Quantitatively, what is the capacitor’s resistive nature? C

a.) Once again, Kirchoff’s loop equation | |
for the circuit yields: | I

—% —iR +V, sin(2mvt) = 0

b.) Substituting i = dq/dt and rearranging

yields: (~ )

</
d V,
SR A4 Dogin(2nv) =0 Nt
dt RC R V, sin(27vt)
c.) As before, the solution of this , voltage term

: : - - . 1= .
differential equation will be of the form: net resistive nature

d.) If we did the math, part of that denominator 1
would be a frequency-dependent quantity

ohms
21tvC ( )

e.) This is the capacitive reactance X, the frequency-dependent resistive
nature of a capacitor.

17.




What's the deal with the phase shift?

1.) We've already established that: ~ cufrrent yoltage
i-14v ‘
C dt

2.) So the derivative of the voltage
function yields the graph to the right,
and from it you can see that the voltage
lags the current.

3.) In fact, for a circuit with minimal resistor-like resistance in it, that lag
will be % radians .

4.) Conceptually, this makes sense: when the capacitor is empty (V,p ~
0), current will flow to charge it (big I, low V). When the capacitor is
charged, there’s no longer current flowing (no I, max V). So voltage lags
behind the current.



RC circuit:

in DC circuit

SV

S —

in DC circuit

in AC circuit
at low frequency
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V, sin(27vt)

in AC circuit
at low frequency

in AC circuit
at high frequency

in AC circuit
at high frequency
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RLC circuits - ﬁna[fy!

So what happens when we have a resistor, capacitor, and inductor all in the same
circuit (and RLC circuit)?

C
All hell breaks loose: _ | |
The inductor will try to make the voltage lag | |
the current and fights to suppress the AC
source signal if it happens to be high R L, 1
frequency; |/
The capacitor will try to make the voltage @
lead the current and fights to suppress the
V, sin(2mvt)

AC source signal if it happens to be low
frequency;

So you’d expect there would be NO frequency that would produce current in the
circuit . . . except that’s not the case. There will be one frequency at which the

lead/lag characteristics of the inductor and capacitor will nullify one another
leaving only the resistor-like resistance in the circuit to limit current.



But before we look at the math, consider the following situation conceptually:

1.) Consider a charged capacitor and an inductor in
a circuit with very little resistor-like resistance.

2.) When the switch i1s thrown, the capacitor \f | | W/
begins to discharge, attempting to send current \
through the inductor; w

3.) The inductor responds by producing a back EMF (changing L
magnetic flux, after all) that fights the increase in charge flow.

4.) As the cap’s charge diminishes and the current slows, the inductor again fights
the change by making charge flow MORE than it would have; by the time the cap
runs out of charge the inductor will still be forcing current to flow.

5.) This will begin to charge up the other plate.

6.) Once the recharging stops, the cap will begin to discharge going the other way,
and the cycle will replay itself. With no resistance, this will continue indefinitely.

7.) Bottom line: Once the process starts, current will oscillate in the circuit at some
characteristic frequency, called the resonance frequency; that frequency will be
dependent upon the size of the cap and inductor 1n the circuit.



There are two ways to go about looking at this. : | |
The first has to do with what are called phasor A

diagrams. " -
--In a phasor diagram, the resistive nature
of all of the elements that don’t throw the <,_\ ) l
voltage out of phase with the current are =
graphed along the x axis; Vo sin(2mvt)

--The resistive nature of all of the elements
that make the voltage lead the current by a
quarter of a cycle are graphed along the +y
axis;

--The resistive nature of all of the elements that make the voltage lag
the current by a quarter of a cycle are graphed along the -y axis;

--Once done, the vectors are added . . . (which is all happening on the
next page)




Phasor diagram for an RLC circuit

X, — X
phase shift 6 = tan™' (LRCJ

net




To the math: Kirchoff’s loop equation yields: _ | |

di q Il

—L—+V_ sm(2nvt)-i(R+1 )——==0
dt 0 ( ) ( L) C R Lt

di (R+ V

= 1+( rL)i+ 1 _ °sin(2mvt)
dt L LC L ~O
dqg> (R+1)d 1 V.

= (21 + ( L) a4 (—)q = —2sin(27vt) V, sin(2mvt)
d-t L dt \LC L

5.) Solving this second-order differential , voltage term

equation in q (which is a trip unto itself) will '~

produce a solution for i whose denominator

looks like: RN 172
(R+1,) +(27ch— )
21tvC

net resistive nature

6.) This overall “frequency dependent” resistive nature for the RLC circuit,
which is sometimes written as 2 2 2\ T2,
Z=|(R,.) +((x.)" = (%))

is called the circuit’s impedance and is given (as shown) the symbol Z.




7.) Things to notice about this relationship. : I I

a.) Ohm’s Law works just fine in é
L,

these circuits, except now itis written = R
as V =1 Z, where the impedance Z is
the net resistive nature of the circuit.

b.) With no capacitor or inductor in the \_/
circuit, the impedance simply becomes the V, sin(27mvt)
resistance R in the circuit. That means V =iR

Is really just a special case of this more expanded version.

c.) There 1s a frequency at which the impedance 1is minimum and the current
1s a maximum. It happens when the (‘ZRVL — a] part goes to zero.

21tvC

. |
That is, when 2TtVL = , or when: 1 1
2 VLC

This 1s that resonance frequency at which the circuit’s current naturally wants
to oscillate.




d.) At resonance frequency, the only
resistance in the circuit is resistor-like

resistance and that signal proliferates. R é
L,

i.) What this means is that the frequency

response curve for a typical RLC circuit
looks like:

S
V, sin(27vt)

amplitude

v 1 1 frequency
2t VLC 29.




e.) This frequency-response characteristic
is going to be very important in the radio

circuit (more about this later). R é
L,

f.) And as an interesting note: you

now know what the impedance label Q
on the back of your stereo speakers —/
means. It is telling the you speaker’s Vy sin(2mvt)

net, overall resistance to charge flow

due to all of the resistors, capacitors or inductors in the speaker circuit
when the frequency is between 250 Hz and 400 Hz.

In other words, when a speaker says, Impedance: 8 ohms, it means that
for the circuit when run at, say, 300 Hz,

1/2
1 2
7= (R+rL)2+(27WL— j =8 Q.
2mvC

30.




R
L, L
8.) Lastly, it should be noted that the é }
calculation of the phase shift I/

(~)
—

X, — X
Gztanl( L Cj
R

net

V, sin(27vt)

--whether the voltage leads or lags the current--identifies which is
happening by its sign. If the angle is positive, it means the voltage leads
the current; if the angle is negative, it means the voltage lags the current.

30.




RLC circuit: As we pan through the frequencies:

current

voltage thru voltage

across circuit across
inductor capacitor
low v hiv low v hi v low v hi v
1 1
2t VLC

L, r R

(~)
—

V, sin(27vt) 9,
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2 1 : -1 L C
Z=|(R+r ) +| 2nvL — frequ.| O = tan [—
{( 2 ( 2nvcj } ; R,
RLC ckt. Z ohms

Minimum Z, max i at 1 1
resonance frequ. when V.onance =

2nVLC

J/

Vleads i

if 6>0, Vleadsi

if 0<0, Vlagsi




